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intro W-V formula  setup  xiop
Witten-Veneziano Formula

Mass
(GeV)
1.0

n' related 10 x oo through W-V formula

09 = k% KT

0.0

* Relation between m,, and x oo

f12r 2 2 2
er (mn +my — 2mK) = Xoo
* Formula obtained in the large N¢ limit. (Veneziano,1979) (Witten, 1979)

2
3

. . 2 _
*Inthe chiral limit z7-m, ; = Xoo

Columbia Universit' arcia Ramos e Dirac spectrum and the W-V formula



intro W-V formula  setup  xiop

Setup

* Nr =2+ 1+ 1dynamical fermions (Baron et al., 2010, 2011)
* Wilson Twisted Mass Action at maximal twist (Frezzotti & Rossi, 2003, 2004)
* lwasaki Gauge Action (lwasaki, 1985)
ensemble B L apy [e]T Aps n/a a (fm) L Ke
A30.32 190 32 0.003 0.015 0.190 5231(38) 0.0863(4) 28 0.1632720
A40.24 190 32 0.004 0.015 0.190 5231(38) 0.0863(4) 2.1 0.1632700
A40.32 190 32 0.004 0.015 0.190 5231(38) 0.0863(4) 2.8 0.1632700
A60.24 190 24 0.006 0.015 0.190 5231(38) 0.0863(4) 2.1 0.1632650
A80.24 190 24 0.008 0.015 0.190 5231(38) 0.0863(4) 2.1 0.1632600
A80.24s 190 24 0.008 0.015 0.197 5231(38) 0.0863(4) 2.1 0.1632040
A100.24 190 24 0.01 0.015 0.190 5231(38) 0.0863(4) 2.1 0.1632550
A100.24s 190 24 0.01 0.015 0.197 5231(38) 0.0863(4) 2.1 0.1631960
B25.32 195 32 00025 0.035 0.197 5.71041) 007794 2.5 0.1612400
B35.32 195 32 0003 0.035 0.197 571041 007794 25 0.1612400
B55.32 1956 32 0005  0.035 0.197 5.710¢41)  0.07794) 25 0.1612360
B75.32 195 32 00075 0.035 0.197 571041 007794 25 0.1612320
B85.24 195 24 00085 0.035 0.197 5.710(41)  0.07794) 1.9 0.1612312
D45.32 210 32 00045 0.120 0.1385  7.538(68)  0.0607(2) 1.9 0.156315
D30.48 210 48 00030 0.120 0.1385  7.538(88) 0.0607(2) 2.9 0.156355
D20.48 210 48 00020 0.120 0.1385  7.538(58) 0.0607(2) 2.9 0.156357
D15.48 210 48 00015 0.120 0.1385  7.5638(68) 0.0607(2) 2.9 0.156361
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intro W-V formula  setup  xiop

Setup

* Quenched ensembles generated matching the physical situation of the dynamical
ensembles.

* lwasaki Action

B Volume n/a ap,“ﬂé”ce’ op KX

237 20° x40 3.59()(3) 0.0087 0.0312  0.158738
248 243 x 48  4.28(1)(5) 0.0073 0.0309  0.154928
267 323 x 64 5.69(2)3) 0.0055 0.0314  0.150269
285 40° x 80  7.29(7)(1) 0.0043 0.0313  0.147180

* Nt =24 1+ 1 ensemble matched:

ensemble I¢] volume n/a au Ke a (fm) L
B55.32 195 32 x 64 5710(41) 00055 0.1612360 0.07794) 2.5
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intro W-V formula  setup  xtop

Topological Susceptibility |

(See Krzysztof Cichy’s talk)
Xtop 18 related to distribution of topological charge

Xiop = [ &x(a(x)a(0))
Topological Charge density ~ property of the gauge fields:

1
Q= /d4x A A = g eurantr {FuvFao}

e Direct computation ~~ non-integrable short-distance singularities.

(o)
Qpop = N— — Ny; Xtop = 0
v
~ Relates topological charge and number of zero modes of the Dirac operator.
~ We have to simulate ~ foo for large volumes.
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intro W-V formula  setup  xtop

Topological Susceptibility Il

e Alternative definition using chiral fermions: (Giusti, Rossi & Testa, 2004)
e Topological susceptibility can be defined in a universal way: (Lbscher, 2004)
Xiop = M1...msx@® ™ 37 (P (x1)81205) . Sr— 17 (%) X Par1 (Xr1)Sr 12 (Xrs2) - Ss—15(%0))
X)X,

s5—1

where Pap(X) = 1h4(X)¥5¥6(x) ANd Sap(X) = P4 (X)1o(X)

e Topological susceptibility in the continuum:
Xtop = My ... Ms / a1 . e (P31 (%1)S12(%2) S23 (X3 ) Poa (Xa) S25(0))

this correlation function is free of short-distance singularities for number of densities > &
e Generalization for Wilson Fermions (Giusti & Luscher 2008), (Luscher & Palombi, 2010)
~ Spectral Projectors
iop — Z5 {Tr {vsPm} Tr {7sPm})
P ZE v

e Application to Twisted Mass Fermions (K. Cichy, E.G.R, K.Jansen, 2014)
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method spectral projectors O(a)

Easy way to understand Spectral Projectors

e mode number v ~~ number of evls below threshold M. (Giusti & Luscher, 2008)
e Spectral Projector Py, to compute v(M, m)

v(M, m) = (Tr{Pm})

e Approximation of Py

Py = 0(X) &~ h(X), 0 ~ h(X)
1 X<0
h(x) = 5 {1 = xP()} 1
2M?
X=l-r—n 0
DmDm + M’Z* 0 L
M2 22 of Df . Dm
(Tr{Py}) “simply” counts eigenvalues of DY D
~ h(x) is an approximation to the step function 8(—x) in the interval [—1, 1]
e In the case of the topological susceptibility:
Zg <TI‘ {’y5]PM}TI‘ {75]P’M}>
Xtop = o5 m

z2 %
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O(a) improvement

1,2

evenunder Ry?: x00,%) =i 75X(X0’1X2)’ automatic O(a) improvement
X(x0,X) = iX(%0,X)ysT %,

All odd terms vanish!!

* Analogous representation of the topological susceptibility

Xiop = / a'xi . d'% (S5(0)PR (6)Ph (%) (xa) - S55(x6)Ps5 (0))
5% = Xam xb. PE, = XavsT X0

Columbia Universit arcia Ramos



O(a) improvement

i 1,2
even under ’R;Q:{E(me) - %X(XO’WXQ)’ automatic O(a) improvement
X(%,%x)  —  ixX(X,X)ysT 7,
All odd terms vanish!!
* Analogous representation of the topological susceptibility
X = [ i s (S5 00)PG ()P ()P () S55(06)P5 (0)) v

+ T
SE = %o X6, PE = XavsmE X0
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O(a) improvement

1,2
evenunder Ry?: x00,%) =i 75X(X0’1X2)’ automatic O(a) improvement
X(x0,X) = iX(%0,X)ysT %,

All odd terms vanish!!
* Analogous representation of the topological susceptibility

X = [ i (85 00)PR )P 0P (k) 8506)P5 (0))

Sgib = XaT X0, Pai; = Xavs7 T Xb
* Symanzik expansion at maximal twist:

[ dxidtadted xdtxs (S50)PG (0P ()PG () S06)P5(0)) =

= / dAX-\ d4X2d4X3Cf4X4dAX5 <5; (X])P]E (XQ)P2+3(X3)P3; (XA) S;rb()@)/:zg (O)>O =+ contact

terms

+0(P)
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O(a) improvement

1,2
evenunder Ry?: x00,%) =i 75X(X0’1X2)’ automatic O(a) improvement
X(x0,X) = iX(%0,X)ysT %,

All odd terms vanish!!
* Analogous representation of the topological susceptibility

X = [ i (85 00)PR )P 0P (k) 8506)P5 (0))

Sgib = XaT X0, Pai; = Xavs7 T Xb
* Symanzik expansion at maximal twist:

[ dxidtadted xdtxs (S50)PG (0P ()PG () S06)P5(0)) =

= / dAX-\ d4X2d4X3Cf4X4dAX5 <5; (X])P]E (XQ)P2+3(X3)P3; (XA) S;rb()@)/:zg (O)>O =+ contact

terms

+ 0(c?)
+ Contacts terms — OPE

Only terms which lead to O(a) contributions
- —
Pip($)36c(0) "~° CL(0)PL(0) Pl =Wars 5 (1 + 7" e
_ 0 _ 1
Pop()Poc(0) "R° Colx)Se(0) Sk = Do (1 + T
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O(a) improvement

* Symanzik expansion at maximal twist  (K.Cichy, E.G.R, K.Jansen, A.Shinlder, in preparation)

[ e s (85 0)PE 0)P ()P () S(06)P5 (O)),

- / ofxi . o (S5 (0P )P (PG (xa)  Sk06)P5(0))
+acy / ot xs (PLOC)PS (6)Pi (X0) - S506)P5 (0)),
— iacs / ofxi o xed xe X (55,00)S506)Pi () S5406)P5 (0)),
—iaca [ d'xdtxatad's (500)P5 0)Sh0a) S506)P5(0)),
+ac; [ dnduatedx (Ph(x1)PE (e)P506) Sh06)P5(0),
+ acs / o xatdxsdxa (5 00)P (00)P5 (6)Pa () PL(O)),

+acs [ dxiatedad s (S500)PE ()P 00)PR () PLO)) +O(d)
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O(a) improvement
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O(a) improvement
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- / ofxi . o (S5 (0P )P (PG (xa)  Sk06)P5(0))
+acy / ot xs (PLOC)PS (6)Pi (X0) - S506)P5 (0)),
— iacs / ofxi o xed xe X (55,00)S506)Pi () S5406)P5 (0)),
—iaca [ d'xdtxatad's (500)P5 0)Sh0a) S506)P5(0)),
+ac; [ dnduatedx (Ph(x1)PE (e)P506) Sh06)P5(0),
+ acs / o xatdxsdxa (5 00)P (00)P5 (6)Pa () PL(O)),

+acs [ dxiatedad x (5500)PE ()P 00PR () PLO)) +O(d)

Columbia University, 25 i om the Dirac spectrum the W-V formula



method spectral projectors O(a)

O(a) improvement
(K.Cichy, E.G.R, K.Jansen, A.Shinlder, in preparation)

* Al O(a) terms are R} odd in pairs ~» We recover O(a) improvement.

[ e (8500)PR )PP (40)55 (6P )),
= / a'xi - o' (S5 (0P (30) Py (%) Pig (30)S56 (%6 )Pis (0))

rac / d‘AXyddxfgddxaddxn<P,;Z(Xy)/3,](x;\,)R;(x,_»)sj;(xb)P;(O)>N Riodd

+ac, [ ahadadtad’ss (P (x)PG ()P ()85 06)P5 (O)),

+ 0O()
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Finite-Volume Effects

Study of the finite-size effects for the Topological Susceptibility

0.016 . ‘
0015 L 1 Ny=2+
oot b | |
0013 # ]
o012 b | ]
oot b | ]

4
TD Xtop

0.01 | ]
0.009 b i ]
0.008 |- | 1
0.007 |- ! 37

0.006 I I I I I
L.
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Choosing value of M, for xep

539, L=
B volume M? v 0025 1

237 20° x40 0000102 79.4(2) 002 |

248 243 x 48 0000068 78.7(2)

267 32° x 64 0000036  78.5(3)

285 40° x 80 0000025  78.1(4) 0.01 | l l

05 |
o v

- = s 0
(e} vom

e For small volume choose M such that v >> Qp.

Ay,
o Xtop
.

60 80 100 120 140
My [MeV]
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results Zp/Zs conlim xoo conlim x

Zp/Zs With spectral projectors

e From the infroduction we know:

22 (Tr {45Pu} Tr {457}
Xtop ZS v

* We can compute the topological susceptibility
~» quenched case Zp/Zs not known a priori

Columbia University, 25 Elena Garcia Ramos m the Dirac spectrum



results Zp/Zs conlim xoo conlim x

Zp/Zs With spectral projectors

e From the infroduction we know:

Z2 (Tt {75Py} Tr {75P})
Xtop = ? v
P

* We can compute the topological susceptibility
~» quenched case Zp/Zs not known a priori
* We can also compute the ratio Zp / Zs (Giusti & Luscher 2008)

Z _ (Tr{Pw})

Z (T {7sPursPul})

Columbia University, 2 Elena Garcia Ramos e Dirac spectrum the W-V formula



results

Zp/Zs conlim xo, conlim x

Zp/Zs With spectral projectors

085
¢ st i
N 07 b 1
. =285
N L
0s | ]
N .
T oon . PP
&,‘ =
0.7 - B=2.67 —— 7
075 b A
S o7 =
3
0.65 | 4=2.48 p
0.75
& o
N 065 i
5 =237
0.6
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* Our results for quenched:

E] BxT n/a Zp/Zs
237 20° x40 3.60  0.680(1)(27)
248 243 x 48 423  0.707(H(9)
267 328 x64 569 075207
285 40° x 80 728  0.787(1)(3)

* For Ny = 2 compatible results with RI-MOM
(K.Cichy, E.G.R, K.Jansen, 2014)

e Dirac spectrum
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results s conlim xoo conlim x .

n and ' masses

(C. Michael, K. Ottnad, & C. Urbach, 2013)

Columbia University, 25

ro My

physical values —&—
Lr A-Ensembles —a— ]
A80.24s, A100.24s —m—
0.5 F B-Ensembles —e— |
D-Ensembles —v—
D45.32s¢
0 L L L L L L L
0 02 04 06 08 1 1.2 14
(roMps)?
oMy fgmn/ oMy rofr
1.256(22) | 2.29(0.21) | 1.13476(5) | 0.312(01)

i (ml +m, —2m},) = 0.043(4)
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results conlim x~. conlim x o

Continuum Limit of ..

l.h.s.: PDG
my, [MeV] | m,, [MeV] | mk [MeV] | fr [MeV]
547.8652) | 957.78() | 497.612) | 13005 Xoo
= (mf’7 +m, - 2m§) = (180 MeV)* (185(6) MeV)*
Compatible results with (Del Debbio, Giusti & Pica, 2005)
0.06 [ j
005 } 1
45 003} I j
0.02 | ]
0.01 | il
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
(a/ro)?
oM, oM,/ oMk Tofr P ‘
1.256(22) 2.29(0.21) 1.13476(5) 0.312(11) 0X oo
iy (mf + m, —2mf) = 0.043(4) 0.049(6) \

(C. Michael, K. Ottnad, & C. Urbach, 2013)
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Conclusions and Outlook

e Use of density chains leads to definition of x.p free of divergences.
e In practice we use the spectral projector method.
e Proof of O(a) improvement for twisted mass fermions.

e Test on the Witten-Veneziano formula which confirms the relation between m,s and X e -

*  Continuum limit of x oo .
* Computation of Zp / Zs using spectral projectors.

e Our plans include a dedicated analysis of the left-hand side which will presented in future
discussions.
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conclusions

Thank you for your attention!
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Autocorrelation




conclusions

Zp/Zs With spectral projectors

(K. Cichy, E.G.R., K. Jansen, in preparation)

0.8
0.75
0.7 b g X - ; o
' - = - 8 Zp/Zs Zp/Zs
" g ¥ spectral proj. RI-MOM/X-space
N E 3.9 0.635(1)(23) 0.639(3)
N | | 4.05 0.6792)(12) 0.682(2)
. 4.2 0.717(2)(5) 0.713(3)
055 x 4.35 0.749(2)(2) 0.740(3)
55 |
05 ; |alternative
T method |
0.45 . . . .
0 500 1000 1500 2000 2500
Mp [MeV]

the W-V formula
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